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Abstract
A unied form for real and complex wave functions is proposed for the sta-
tionary case, and the quantum Hamilton-Jacobi equation is derived in the
three-dimensional space. The diculties which appear in Bohm's theory like
the vanishing value of the conjugate momentum in the real wave function case
are surmounted. The probability current which plays an essential role in the
approach presented here, is interpreted in such a way as to give rise to an
interesting consequence about the wave function.
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I. INTRODUCTION
The debate open by Einstein and Bohr about the interpretation of quantum mechanics
is far from being closed. Among all attempts to obtain a deterministic theory, the approach









which describes the evolution of the wave function of a non-relativistic spinless particle of
mass m in a potential V . Bohm writes the wave function in the form




S(x; y; z; t)

; (1.2)
where A(x; y; z; t) and S(x; y; z; t) are real functions. After substituting (1:2) in (1:1) and



















The term proportional to h2 in Eq. (1:3a)






is called the Bohm quantum potential. In the limit h! 0, Eq. (1:3a) reduces to the classical
Hamilton-Jacobi equation which describes the motion of the particle. S is then identied as
the reduced action and VB is interpreted as describing the quantum eects.
The relation (1:3b) represents the conservation equation of the probability current. In-
















which was recognized by Bohm [1] and De Broglie [2] in his pilot wave theory as the velocity
of the particle. In the stationary case, where
S(x; y; z; t) = S0(x; y; z)− Et ; (1.8a)
@A
@t
(x; y; z; t) = 0 ; (1.8b)
and the constant E representing the energy of the particle, Floyd [3] showed that in one-







Bohm’s approach, even when taking account of the velocity correction brought by Floyd,
is subject to serious problems. In fact, the reduced action S0 as dened by (1:2) and (1:8a)
cannot be used to dene correctly the conjugate momentum as ~rS0. To see this, consider
the case in which the wave function is real as it is for the ground state of hydrogenoid atoms
or the one-dimensional harmonic oscillator. In this case, using (1:2), S0 is constant and then
the conjugate momentum has a vanishing value. Obviously, this conclusion is absurd.
Floyd [4] saw this problem and proposed a new relation between the wave function and
the reduced action, but for the real case only [3{5]. However the idea to distinguish the real
wave function case from the complex one is not comfortable.
In this paper, a unied form for the wave function is proposed. The diculty mentioned
above is surmounted. In section II, the general relation between the wave function and the
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reduced action is determined and the probability current is expressed in terms of constants
of integration which depend upon the boundary conditions. The expression of this current is
used in section III to establish the quantum Hamilton-Jacobi equation for the complex wave
functions and in section IV for the real wave functions. Section V is devoted to conclusions
and suggestions.
II. THE FORM OF THE WAVE FUNCTION
Let us begin by the following remark. If one sets




S(x; y; z; t)

(2.1)
























that the expressions (1:2) and (2:1) cannot be simultaneously solution of the Schro¨dinger
equation. In the stationary case, the situation is dierent. In fact, if one replaces successively
the two expressions


































+ V = E ; (2.4a)
4
~r  (A2~rS0) = 0 : (2.4b)
This means that if  1 (respectively  2) is solution of the Schro¨dinger equation,  2 (respec-
tively  1) is also solution. Therefore, the general solution in the stationary case has the
form






(x; y; z) ; (2.5)
where















 and  being complex constants which depend upon the boundary conditions.








































= 0 : (2.7)
Before analyzing the content of this equation, let us calculate the probability current. If one
replaces (2:5) in (1:5), one gets




This form of the current will play a crucial role in the approach which is developed here.
III. THE COMPLEX WAVE FUNCTION
In what follows, one should understand by real wave function, any function which can
be written as a product of a constant, which could be complex, with a real function.
In order to show that the wave function (2:6) cannot be real when jj 6= jj, let us set
 = jj exp(ia) ; (3.1a)
5
 = jj exp(ib) ; (3.1b)



















which can also be written as



























This expression leads straightforwardly to
























Knowing that S0 is a function of (x; y; z), this last expression shows clearly that when
jj 6= jj, the wave function cannot be brought back to a product of a constant by a real
function.
Now, to derive the quantum Hamilton-Jacobi equation, let us use expression (2:8) for the
probability current. The conservation equation, which is a consequence of the Schro¨dinger
equation, can be written as
~r 
2
4(jj2 − jj2)A2 ~rS0
m
3
5 = 0 : (3.3)
Therefore, for the complex wave functions (jj 6= jj), Eq. (3:3) turns out to be
~r  (A2~rS0) = 0 : (3.4)








+ V − E = 0 : (3.5)
Although the last two equations have the same form as Eqs. (2:4), they are fundamentally






from which one cannot dene correctly the conjugate momentum, while Eqs. (3:4) and (3:5)
are obtained with the wave function dened in (2:6).
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IV. THE REAL WAVE FUNCTION
In the case jj = jj, and using Eq. (3:2), the wave function dened by (2:6) becomes















It is clear that the wave function is real up to a constant phase factor.
Here the vanishing of the probability current is expressed by the fact that jj = jj,
which is a consequence of the boundary conditions and not by ~rS0 = ~0 as in the case of
Bohm’s approach.





































 = 0 :






















= E : (4.2)
Comparing with the usual quantum Hamilton-Jacobi equation, (4:2) contains an additional
term proportional to h.
At rst glance, one may think that for any function (x; y; z) describing a physical state,
there is an innite number of ways to choose the couple (A; S0) in such a way as to satisfy






+ V = E (4.3)















from which one can reproduce the Schro¨dinger equation.
Among all these choices, is there any couple (A; S0) in which S0 is the good function
dening correctly the conjugate momentum by ~rS0 ?
7
To answer this crucial question, let us analyze the physics content of the expression (2:8)
for the probability current. This expression suggests that ~| is a sum of two currents










corresponding to the two opposite directions of motion of the particle on the straight line
dened by the conjugate momentum vector ~rS0 which is tangent to the trajectory. The
fact that the current has a vanishing value in the case of a real wave function (jj = jj)
means that there is an equal probability to have the particle move in one direction or in the
other.
Thus, to each direction of motion along the trajectory, it is natural to associate one of
the wave functions














which were combined in Eq. (2:6) to obtain the expression (2:8) for the current. This means
that 1 and 2 must be simultaneously solution of the Schro¨dinger equation. Thus, there
is no reason why this should not happen in the particular case jj = jj. Consequently,
the couple (A; S0) must be chosen in such a way as to impose to 1 and 2 to be solutions
of Schro¨dinger’s equation knowing that expression (4:1) is also solution. To satisfy this
condition, it is sucient to require that the function










be a solution of Schro¨dinger’s equation. In fact, if  and  are solutions, then 1 and 2 are
also solutions since they are linear combinations of  and .
Of course, if one substitutes (4:1) in the Schro¨dinger equation, one gets (4:2). On the





















= E : (4.9)



































= −1 which is not possible, or
~r  (A2~rS0) = 0 : (4.10)
In conclusion, the couple (A; S0) must be chosen in such a way as to satisfy Eq. (4:10). This








+ V = E : (4.11)
Eqs. (4:10) and (4:11) are exactly the same as those obtained for the complex wave functions
in the last section.
In the one-dimensional case, and for both real and complex wave functions, one can








where k is a constant of integration. Then, by substituting this expression in (3:5) or (4:11),




























5+ V = E : (4.13)
Of course, this equation is dierent from the usual one because the function S0 which appears
here is related to the wave function by (2:6). Note that it is not possible to obtain such an
equation for the real wave functions in Bohm’s theory.
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V. CONCLUSION
In the three-dimensional space, it is shown in this paper that the wave function, whether
















which leads to the same quantum Hamilton-Jacobi equation (3:5) or (4:11), and the functions
A and S0 are related by the same equation (3:4) or (4:10). The problem of the vanishing
value of the conjugate momentum for real wave functions appearing in Bohm’s theory is
solved by the fact that the reality of the wave function is not expressed here by S0 = cst:
but by jj = jj.
From the equivalence postulate, these results have also been obtained recently in the
one-dimensional case in Ref. [7] and generalized to higher dimensions in Ref. [8].
However, the approach developed here, not only requires a simple mathematical formal-
ism, but also suggests new physical ideas. In particular, the probability current, which has
played an essential role, has been interpreted as the sum of two currents associated to the
two opposite directions of motion of the particle along the trajectory. To each of these di-
rections, a corresponding wave function is dened. This means that any wave function, even
real, which describes a physical state can be decomposed into two complex wave functions
which have a physical signication. To illustrate this, consider in the one-dimensional case
a system such as the harmonic oscillator, and note by (n) the eigenfunction of the hamil-
tonian corresponding to the energy E(n). Knowing that (n) is real and according to Eqs.

















































































2 are automatically solution of the Schro¨dinger equation with the
same eigenvalue E(n).
This conclusion contradicts the Copenhague interpretation in which the wave function
(n) is considered as an exhaustive description of a physical system.
Finally, let us mention that the two wave functions (5:5) can play an important role in
the studying of the tunnel eect or potential well.
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